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This article rationalizes empirical patterns of market leverage, book leverage,
book-to-market ratios, and stock returns across different book-to-market portfolios,
using a model of firm financing and investment. The model analytically shows that
tax deductibility of interest payments increases effective investment irreversibility and
that investment irreversibility weakens the relation between book-to-market values and
returns. This provides a clear and novel mechanism showing how financial leverage
affects stock returns beyond the standard Modigliani-Miller paradigm. The article argues
that market leverage, rather than operating leverage or investment irreversibility, explains
a major portion of the value premium. Empirical evidence supports this argument.
(JEL G12, G31, G32)

Firms with a high ratio of book value of equity to market value of equity
(value firms) earn higher expected stock returns than do firms that have a low
book-to-market equity ratio (growth firms). However, asGrinblatt and Titman
(2001) point out, conventional wisdom tells us that growth options should
be riskier than assets-in-place.1 Therefore, asZhang(2005) stresses, growth
firms, which derive their value from growth options, should have higher
expected stock returns than do value firms, which derive their value from
assets-in-place. In addition,Fama and French(1992) show that portfolios
of stocks with different book-to-market ratios have similar riskiness, as
measured by the standard capital asset pricing model (CAPM) ofSharpe
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(1964), Lintner (1965), andBlack (1972). This phenomenon, known as the
“value premium puzzle,” allowed the Fama and French model to replace the
CAPM as the benchmark in the asset pricing literature.

This article aims to explain the differences between the stock returns of
value firms and those of growth firms. For this purpose, the article extends the
investment irreversibility model ofAbel and Eberly(1996) by incorporating
investors’ risk preferences, risk-free debt contracts, and debt adjustment costs.
With this framework, the article shows that market leverage, defined as the
debt-to-assets ratio by using market values, can explain the major share of
the value premium. Moreover, investment irreversibility without leverage
generates a growth premium, rather than a value premium, in the model
because the investment option is a call option on assets-in-place, which
makes growth firms riskier, and the disinvestment option is a put option on
assets-in-place, which makes value firms less risky. This finding is different
from the recent literature that emphasizes investment irreversibility as the
reason for the value premium, such asZhang(2005) andCooper(2006).2 How-
ever, investment irreversibility remains an important ingredient that improves
the model’s fit with the data, by generating a wide range of book-to-market
values.

The financing decisions in this model are similar to those inFischer,
Heinkel, and Zechner(1989) and Gomes and Schmid(2010) in that firms
benefit from the tax shield of debt, as in the trade-off theory of capital structure,
and face additional costs at the time of debt restructuring. However, in this
article, debt has two properties that are distinct from its properties in previous
articles: it is risk-free and endogenously limited by the lenders to a certain
fraction of capital. Since interest payments are tax deductible, the firm prefers
debt financing to equity financing and would rather have an infinite amount
of debt. Therefore, for debt to remain risk-free, lenders will limit the amount of
debt by either accepting the resale value of existing capital as collateral—see,
e.g.,Hennessy and Whited(2005) andLivdan, Sapriza, and Zhang(2009)—or
choosing a debt level that ensures that the market value of equity is always
nonnegative so that bankruptcy is suboptimal for the firm. The article shows
that the collateralized debt agreement is more restrictive than is the debt
agreement that induces a nonnegative market value of equity. So, the latter
policy provides the firm with a higher debt capacity than does the former, and
the firm prefers this latter debt policy, while the lenders are indifferent.

One important result of the model is that the firm’s book leverage, i.e., the
fraction of total capital supplied by lenders, is not state-dependent. As a
result, the book leverage remains the same across firms with different ratios of
book-to-market equity, whereas market leverage significantly differs. Figure1

2 In contrast with these articles,Hall (2004) estimates the adjustment cost parameter for capital in a quadratic
adjustment cost model without debt and finds that adjustment costs are relatively small and are not an important
part of the explanation of the large movements in company values.
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Figure 1
Market and book leverage across book-to-market (BE/ME) portfolios
This figure presents book leverage and market leverage across different book-to-market value portfolios. The
numbers on the horizontal axis give the average book-to-market equity value in each portfolio. The numbers
on the vertical axis give the average market and book leverage in each portfolio. At the beginning of each year,
portfolios are formed on the basis of ranked values of BE/ME, where each portfolio covers a decile. Book
equity (BE) is the book value of common equity (item 60) plus deferred taxes and investment tax credit (item
35) from annual Computstat files. Market value of equity (ME) is the price of each share times the number of
shares outstanding from the CRSP database. Book leverage is total assets (Compustat item 6) minus book equity
divided by total assets. Market leverage is total assets minus book equity divided by total assets minus book
equity plus market equity. The accounting data for all fiscal year-ends in calendar yeart − 1 is matched with
market equity at the end of December of yeart − 1, as inFama and French(1992). Source: Center for Research
in Security Prices, CRSP-Compustat merged database, from 1963 to 2008 fort .

plots averages of book and market leverage within different book-to-market
portfolios and provides support for this argument. Moreover, because the level
of debt is constant in the inaction region (when the firm does not invest), the
firm’s market debt-to-equity ratio closely varies with fluctuations in its own
stock price. This implication of the model is in line with the results ofWelch
(2004), who finds that U.S. corporations do little to counteract the influence of
stock price changes on their capital structures.

In this article, financial leverage directly affects stock returns through its
effect on equity risk as inModigliani and Miller (1958) and indirectly
through its effect on business risk, by influencing investment decisions.
The Modigliani-Miller (1958) effect of debt comes from the fact that the
book-to-market ratio and market leverage are closely related when book lever-
age is constant and firms with higher market leverage have greater equity risk.
Financial leverage also affects investment decisions in the model, because the
tax advantage of debt decreases the shareholders’ effective cost of investment
and their effective gain from disinvestment by the same amount. Therefore,
this second channel increases the effective degree of irreversibility, which is
captured by the ratio of these two quantities. Since investment irreversibility
generates a negative value premium, this investment channel counteracts the
Modigliani-Miller effect on the relation between book-to-market ratios and
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stock returns. However, the Modigliani-Miller effect strongly dominates the
investment channel and explains the major share of the value premium.

The risk-free debt assumption is not critical, at least qualitatively, for the
main results of the article; in particular, it is not critical to understand how
market leverage affects stock returns through the Modigliani-Miller channel
and the investment channel, as the intuition for these channels does not depend
on the risk-free debt assumption. The Modigliani-Miller channel simply states
that equity of firms with higher market leverage is riskier, and the investment
channel intuition is based on the tax advantage of debt. The Modigliani-
Miller paradigm and tax deductibility of interest payments would still be
present in a model with risky debt. The relation between market leverage and
book-to-market value would also be unaffected as long as book leverage does
not significantly vary across firms in different portfolios but obeys the data,
as shown in Figure1. Nevertheless, the capital structure choice in my model
has two advantages. First, it provides consistency between theoretical and
empirical analysis. Because the market value of debt is observed for only a
small number of firms, many studies that relate risky debt to returns use the
book value of debt as a proxy for the market value of debt. However, this
contradicts the assumption of risky debt because the value of risky debt is
not equal to the book value of debt. Second, in the popular trade-off model
with risky debt, more productive firms, which also have lower book-to-market
values, tend to choose higher debt relative to their total capital because they
have lower bankruptcy probability for a given debt level. This implies that book
leverage would not be constant across different book-to-market portfolios,
which is in contrast with the data in Figure1.

This article is closely related to the growing body of literature that links
corporate decisions to asset returns. LikeZhang(2005) andCooper(2006),
Carlson, Fisher, and Giammarino(2004) have a model with investment
irreversibility, but they link the value premium to operating leverage, rather
than investment irreversibility. More recently, there has been a revival in the
literature that looks at the relation between stock returns and financing deci-
sions. In a model with costly equity issue,Carlson, Fisher, and Giammarino
(2006, 2010), Li, Livdan, and Zhang(2009), andLyandres, Sun, and Zhang
(2008) address other anomalies, such as abnormal returns, after seasoned
equity offerings.Gomes and Schmid(2010) link financial leverage and growth
options to asset returns when issuing equity is costly.Whited and Wu(2006)
andLivdan, Sapriza, and Zhang(2009) look at the effect of exogenous risk-
free debt capacity on stock returns.

The article contributes to this literature in many ways. First, unlikeWhited
and Wu (2006) and Livdan, Sapriza, and Zhang(2009), the risk-free debt
capacity of the firm is endogenously determined. Second, the closed-form
solution of the model explicitly identifies how investment irreversibility,
financial leverage, and their interaction affect the cross-section of stock returns.
Gomes and Schmid(2010) emphasize that financial leverage affects growth
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options, which, in turn, affect stock returns and create a channel beyond the
Modigliani-Miller paradigm. However, they do not focus on how leverage
changes investment decisions and how this channel affects the relation between
book-to-market values and stock returns. My article provides a clear and novel
mechanism that shows that financial leverage increases effective investment
irreversibility and that investment irreversibility weakens the relation between
stock returns and book-to-market values in a model that incorporates a growth
option and also a disinvestment option. Third, the article provides a novel cali-
bration exercise that fits the model to the distribution of book-to-market values
via maximum likelihood and shows that the model captures the empirical
patterns of book leverage, market leverage, book-to-market values, and stock
returns across different book-to-market portfolios reasonably well.3 Fourth,
the article provides both theoretical and empirical analysis that is consistent
with the claim that market leverage can explain the major portion of the value
premium.

1. Data and Supporting Evidence

The choice of data closely followsFama and French(1992). The only
exception is the inclusion of all firms in the NYSE, AMEX, and NASDAQ
from the monthly CRSP database, whereasFama and French(1992) include
only nonfinancial firms. Many recent articles, such asCarlson, Fisher, and
Giammarino (2004) and Zhang (2005), use the data series published on
Kenneth French’s Web site and, unlike the data inFama and French(1992),
these data series include all firms. Therefore, the inclusion of all firms
makes my results comparable with previous literature, although excluding
financial firms does not significantly change any results. As inFama and
French(1992), this data set is then merged with the annual balance sheet
files from the Compustat database. The data set covers the period of 1962 to
2008.

The creation of variables also closely followsFama and French(1992).
Accordingly, I match the accounting data for all fiscal year-ends in calendar
year t − 1 (1962–2007) with the returns for the period that starts in July
of year t and ends in June of yeart + 1. Moreover, I use a firm’s market
equity at the end of December of yeart − 1 in order to compute its book-
to-market and market leverage. Market value of equity is defined as the
price of each share times the number of outstanding shares from the CRSP
database. Book value of equity is defined as the sum of book value of
common equity (Compustat code CEQ/item number 60) plus deferred taxes
and investment tax credit (Compustat code TXDITC/item number 35) from

3 To the best of my knowledge, no other article in the literature makes an effort to match the distribution of
book-to-market values and financial leverage, although this distribution is important in generating the
cross-sectional distribution of returns. The implications of omitting this fact are crucial and are discussed in
the calibration section.
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Figure 2
Stock returns and unlevered returns across book-to-market portfolios
This figure presents actual and unlevered stock returns across different book-to-market value portfolios. The
numbers on the vertical axis give the time-series average of equally weighted cross-sectional means of returns
for each portfolio in annualized percentages. At the beginning of each year, portfolios are formed on the basis
of ranked book-to-market values, where each portfolio covers a decile. Book-to-market value, market leverage,
and book leverage are defined in the caption of Figure1. The accounting data for all fiscal year-ends in calendar
yeart − 1 are matched with market equity at the end of December of yeart − 1 and the returns for the period
starting in July of yeart to June of yeart + 1, as inFama and French(1992). The stock returns come from the
monthly CRSP series, and the unlevered return for each month is calculated using the weighted average of stock
returns and monthly Treasury bill returns from CRSP, where the weight of the Treasury bill return is market
leverage. Source: Center for Research in Security Prices, CRSP-Compustat merged database, from July 1963 to
June 2008.

the Compustat database.4 Therefore, the book value of debt is equal to total
assets (Computstat code AT/ item number 6) minus the book value of equity,
and book leverage is equal to book value of debt divided by total assets.
Finally, as in Gomes and Schmid(2010), market leverage is equal to the
book value of debt divided by the sum of the book value of debt and equity.
The dates of the numerator and denominator in the book-to-market ratio and
market leverage are not aligned, and the implications of this are discussed in
Fama and French(1992).

In order to support the claim that market leverage explains the major portion
of the value premium, equity returns are unlevered by using the Modigliani-
Miller relationr A = M L ∗ r D + (1 − M L)∗ r E, wherer A is the return on total
assets (i.e., unlevered returns),M L is the market leverage,r D is the return on
debt, andr E is the return on equity. For return on debt, I use monthly returns on
the Treasury bill, which are taken from CRSP. The purpose of this exercise is
to see what is left over from the value premium after accounting for the direct
effect of financial leverage. The results are provided in Figure2. I have also

4 Fama and French(1992) add only deferred taxes, whereasFama and French(1993) add both deferred taxes and
investment tax credit, a practice I follow.
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used an alternative measure of return on debt, given by the ratio of the interest
expense to total debt. The results are similar.

Figure2 shows that the major chunk of the value premium vanishes after
this unlevering exercise, which is in line with the article’s claim that market
leverage is the main reason behind the value premium. In particular, the value
premium between the top and bottom deciles is reduced from 16% to 4%.
The result is even more drastic when we compare the value premium between
the second decile and the top decile; between these deciles, the value premium
is reduced from 14% to 2% after unlevering.Hecht(2000) performs a similar
analysis by using market values for bond data, and a new Working Paper by
Choi(2010, Table VI, panel A) uses both bond and loan data to unlever returns.
Their analysis also shows that unlevered returns vary much less than levered
returns across book-to-market portfolios.

Both the approach as presented in this article and the approaches ofChoi
(2010) and Hecht (2000) have their shortcomings: my unlevering exercise
calculates market leverage by replacing the market value of debt with the
book value of debt and uses the risk-free rate or the ratio of interest expense
to debt for the return on debt.Hecht’s(2000) andChoi’s (2010) approaches
use market values, but bonds and bank loans are infrequently traded in the
secondary markets, which potentially leads to measurement errors, and they
do not consider accounts payable as a source of debt. In addition, their sample
includes firms for which they have bond and loan data that covers only half of
the Compustat firms and a shorter time period. Nevertheless, it is striking that
all of these approaches yield similar conclusions.

This exercise also provides evidence that favors market leverage channel
over the operating leverage channel to explain the value premium. Operat-
ing leverage is the leverage of the all-equity financed (unlevered) firm, as
illustrated inCarlson, Fisher, and Giammarino(2004). Therefore, operating
leverage cannot claim to capture more than a small portion of the value
premium that is left over from this unlevering exercise.

2. The Model

My model extends the investment irreversibility model ofAbel and Eberly
(1996) with corporate taxes, debt, and a stochastic discount factor in order
to capture investors’ risk preference. While debt capacity and investment and
financing decisions are endogenous, investors’ preferences are captured by an
exogenous discount factor, as inZhang(2005), Cooper(2006), andCarlson,
Fisher, and Giammarino(2004), among others.

The firms choose their investment and financing policy in order to maximize
the market value of equity. Investment is subject to partial irreversibility, i.e.,
the purchase price of one unit of capital is 1, and the resale price isη < 1.
Each firm produces output at timet by using capital,Kt , and takes the level
of productivity, Xt , and the stochastic discount factor of investors,St , as
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exogenously given. BothXt andSt follow geometric Brownian motions

d Xt

Xt
= μXdt + σAdwA + σi dwi = μXdt + σdw, (1)

dSt

St
= −rdt − σSdwA, (2)

whereEt [−dSt/St ] = rdt is the interest rate andσS is the price of risk. The
Brownian incrementsdwA and dwi represent systematic and idiosyncratic
shocks and are independent of each other. They can be aggregated by using

σ =
√

σ 2
i + σ 2

A anddw = (σi /σ ) dwi + (σA/σ ) dwA. Moreover, if we letUt

andLt denote total capital purchases and total capital sales, respectively, up to
time t , we can write the net change in the stock of capital as

dKt = dUt − dLt , (3)

wheredUt ≥ 0 anddLt ≥ 0.
The net income of the firm is given by the operating cash flows net of

the cost of maintenance and cash flows to debtholders plus tax shields from
maintenance and interest payments:

π̄t ≡ π̄ (Kt , Xt , bt ) = (1 − τ )

(
h

1 − γ
Xγ

t K 1−γ
t − δKt − rbt Kt

)
, (4)

whereτ is the tax on corporate income,h > 0 is the productivity multiplier,
and 0< γ < 1 is the returns-to-scale parameter of the production function.
On the cash outflow side,δ is the maintenance cost per unit of capital,r is
the risk-free rate on debt, andbt is the ratio of the book value of debt to
the book value of assets (or book leverage). In accordance with tax laws,
the net income incorporates the tax deductibility of interest payments. Except
for taxes, debt, the investors’ stochastic discount factor, and maintenance
costs, all of the assumptions are the same as inAbel and Eberly(1996). The
assumption regarding maintenance cost is similar to that inCarlson, Fisher, and
Giammarino(2004). The tax structure is similar to that inMiao (2005), among
others. I also assume that, for the sake of simplicity, the accounting salvage
value of the capital is the same as the actual salvage value so that the firm does
not pay any tax on the resale price of capital, as inGomes and Schmid(2010)
andMiao (2005), among others.

I model financial leverage as risk-free debt extended through a credit line,
where the debtholders agree to finance a certain fraction of operating capital.
Intuitively, the lenders can keep the debt risk-free by a collateralized debt
agreement and can limit the amount of debt by the resale price of capital
so thatη ≥ bt , as inHennessy and Whited(2005). Alternatively, they can
set a limit on debt to guarantee that the firm always has nonnegative market
equity and hence honors its debt, rather than going bankrupt. The firm has the
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option to renegotiate this fraction later, but debt restructuring requires that the
existing debt be retired altogether and that new debt be issued at a cost that is
proportional to the amount of new debt,c, as inFischer, Heinkel, and Zechner
(1989).

As a result of this debt agreement, the firm will invest when the marginal
value of capital to equity holders is 1− bt , as this is the fraction of new
investment that should be financed with equity. Moreover, the firm will
disinvest when the marginal value of capital isη − bt , because the firm getsη
for each unit of capital sold but has to give backbt to debtholders in order to
keep the book leverage constant, in accordance with the debt agreement. In the
following analysis,XU (K , b) andKU (X, b) denote the investment boundary
along which the marginal value of capital is 1− bt , while XL (K , bt ) and
KL (X, bt ) denote the disinvestment boundary along which the marginal value
of capital isη − bt .5 These two boundaries enclose the inaction region, where
the marginal value of capital is between 1− bt andη − bt and net investment
is zero. This investment policy will be discussed in more detail in the next
section.

Because the lenders are indifferent between a collateralized debt agreement
and the no-bankruptcy debt agreement, the firm will choose the agreement. The
following proposition establishes that the firm will never go bankrupt under
a collateralized debt agreement. Time indices are dropped in the rest of the
article for the sake of simplicity and brevity, unless they are necessary for
clarity of exposition.

Proposition 1. The market value of equity is strictly positive if debt is limited
by the resale price of capital.

Proof. See Appendix. �

This proposition essentially tells us that even if the firm had the option to
go bankrupt, it would never exercise this option if debt is limited by the resale
price of capital because the disinvestment boundary is hit before bankruptcy
becomes optimal. It immediately follows that the debt agreement with a no-
bankruptcy condition is less restrictive. In particular, it provides a greater debt
limit because the market value of equity is still nonnegative if the lenders
lend the firm more than the resale value of its capital.6 Since bankruptcy is
suboptimal under both lending policies, I omit bankruptcy in the rest of the
article.

5 Because the investment boundary is a surface in the(Xt , Kt , bt ) space, we can express it either asKU (Xt , bt )
or asXU (Kt , bt ). The same holds for the disinvestment boundary.

6 The choice of the firm between risk-free debt policies does not affect the results of the article qualitatively.
However, the conditionη < b creates a greater degree of irreversibility by increasing the wedge between
the investment and disinvestment boundaries and hence improves the fit of the model-implied book-to-market
distribution to data.
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The firm maximizes shareholder value by choosing its investment and
financing plans:

J (Kt , Xt , bt ) = Et max
{dUt+s,dLt+s,dbt+s}

∫ ∞

0

St+s

St

[
π̄t+sds− (1 − bt+s)dUt+s

+ (η − bt+s) dLt+s
]

+
∞∑

s∈{s:dbt+s 6=0}

St+s

St

[
dbt+s − c(bt+s + dbt+s)

]
Kt+s, (5)

where the termdbt+s is the change in book leverage after debt adjustment,
and

∫∞
0 dUt+s and

∫∞
0 dLt+s are Stieltjes integrals. Note that the stochastic

discount factor does not appear as a state variable in the value functionJ,
becauseSt+s/St is log-normally distributed with parametersr t andσ 2

St and
this distribution does not depend on any state variable. The first term in
Equation (5) (the integral) is the discounted value of after-tax profits net of cash
inflows and outflows through the purchase and resale of capital. The second
term in Equation (5) is the discounted value of debt adjustment costs.

The debt limit imposed by the lenders adds an additional constraint to the
problem. If debt is limited by the resale value of capital, then this constraint is
simply bt+s ≤ η. If, on the other hand, debt is limited by the no-bankruptcy
condition, then we have

0 ≤ J (Kt+s, Xt+s, bt+s) for all Kt+s, Xt+s, bt+s. (6)

Although the debt policy with the no-bankruptcy condition provides a greater
debt capacity than the collateralized debt policy, we still cannot rule out
the latter until I show that debt financing is preferred to equity financing.
Proposition3 in Section4 serves this purpose.

Because of investment and debt adjustment costs, it is not optimal for
the firm to frequently adjust capital and debt. The Hamilton-Jacobi-Bellman
equation (HJB) in the inaction region, where the firm does not make any
adjustments, is given by

r J (K , X, b) = π̄ (K , X, b) + μX JX (K , X, b)

+
1

2
σ 2X2JX X (K , X, b) , (7)

whereμ = μX − σSσA is the risk-adjusted drift of the productivity process.
This is practically the same as substituting the stochastic discount factor
with the risk-free rate and taking expectations under the risk-neutral measure.
When we divide both sides of this equation by the market value of equity,
J, this equation tells us that the required rate of return from buying the firm
should be equal to the dividend yield (the first term) plus expected capital
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appreciation under the risk-adjusted productivity process (the second and third
terms). The solution of the partial differential Equation (7) requires that we
specify some boundary conditions: the so-called value-matching and smooth-
pasting conditions. These conditions, presented in Appendix B, guarantee the
continuity and optimality of the value function.

3. Optimal Investment Policy and the Valuation of Equity

Since Equation (7) holds identically inK , we can take the derivative of both
sides, with respect toK , to get

r JK (K , X, b) = π̄K (K , X, b) + μX JK X (K , X, b)

+
1

2
σ 2X2JK X X (K , X, b) . (8)

Because all terms in the firm’s problem are homogeneous of degree one inX
andK , the value of the firm should also be homogeneous of degree one inX
and K . As a result, the marginal value of capital should be homogeneous of
degree zero inX andK . Therefore, we can define the ratio of productivity to
capital,y ≡ X/K , and the marginal value of capital to shareholders,q (y, b) ≡
JK (K , X, b), to express the last equation as

rq (y, b) = h̄yγ − m̄ (b) + μyqy (y, b) +
1

2
σ 2y2qyy (y, b) , (9)

where h̄ = (1 − τ ) h and m̄ (b) = (1 − τ ) (δ + rb) is the tax-adjusted
marginal cost of maintenance and financing. Then, the boundary conditions at
the upper and lower investment bounds are given by the following equations:7

q ( yU (b) , b) = 1 − b andqy ( yU (b) , b) = 0, (10)

q ( yL (b) , b) = η − b andqy ( yL (b) , b) = 0. (11)

This reduces the original HJB equation to an ordinary differential equation;
solving the equation involves finding two constants of integration and the
boundary values fory. Figure3 displays the projection of the investment and
inaction regions implied by the boundary conditions on the(K , X) plane.

Appendix C shows that solving these equations and integrating the marginal
value of capital leads to

J (K , X, b) = H̄ Xγ K 1−γ + D̄P (b) XαP K 1−αP

+D̄N (b) XαN K 1−αN −
m̄ (b)

r
K , (12)

7 We can see that the additional smooth-pasting conditions forb, i.e.,qb (yL (b) , b) = qb (yL (b) , b) = −1, are
automatically satisfied once we take the derivative of the value-matching equations with respect tob and apply
the smooth-pasting conditions fory. Therefore, we omit these conditions for the rest of the analysis.
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Figure 3
Projection of investment and inaction regions on the K-X plane
The line with slopeyU (b) gives the investment boundary, where the marginal value of capital,q, is equal to
1 − b, the net cash outflow per unit purchase of capital, whereb is book leverage. The line with slopeyL (b)
gives the disinvestment boundary, where the marginal value of capital,q, is equal to the net cash inflow per unit
sale of capital,η − b, whereη is the resale value capital. These two boundaries enclose the inaction region for
investment, where the marginal value of capital is bounded by1 − b andη − b.

whereαP > 1 > γ > 0 > αN , and D̄P (b) and D̄N (b) are functions of
book leverage that take only positive values. The four terms are the value of
assets-in-place (before costs), growth options, disinvestment options, and the
present value of maintenance and financing costs. Note that book leverage,b,
is constant in the inaction region because of debt adjustment costs. Therefore,
any effect of debt adjustment on the market value of equity should be captured
by constants of integration̄DP (b) and D̄N (b), and hence Equation (12) does
not have a separate term for the debt adjustment option.

4. Financial Leverage and Investment

We now turn our attention to optimal financing policy and its relation with
investment. The following proposition shows that the tax advantage of leverage
makes the firm choose its investment policy as if it faces greater irreversibility.
Then, I show that the optimal financing policy for the firm is to exhaust its
debt capacity. Therefore, the firm prefers the no-bankruptcy condition because
it provides greater debt capacity. Finally, I show that the debt capacity under
the no-bankruptcy condition is independent of state variables.

Proposition 2. When interest payments are tax deductible, the gap between
the investment boundary and the disinvestment boundary as measured by
G (b) ≡ yU (b) /yL (b) increases with book leverageb.

1044

D
ow

nloaded from
 https://academ

ic.oup.com
/rfs/article/25/4/1033/1580928 by guest on 18 M

ay 2023



Financial Leverage, Corporate Investment, and Stock Returns

Proof. See Appendix. �

Intuitively, the gap between the investment and disinvestment boundaries
increases as the ratio of the purchase to the resale price increases because it
is this discrepancy between prices that creates investment irreversibility. Then,
we should answer the question of why the purchase price increases, relative to
the resale price. When investment is financed with leverage, the shareholders
care not only about the actual price of capital but also about the financing
costs. In the absence of tax deductibility of interest payments, there would be
no net gain from borrowing because the amount of investment financed through
borrowing would be paid back to lenders through interest. When there is tax
deductibility, the firm still pays interest to lenders, but it has to pay less tax to
the government. At the time of investment, the net purchase price of capital
from the shareholders’ perspective is the actual price net of any tax savings
caused by debt financing. At the time of disinvestment, the net resale price
of capital is the actual price minus the loss of tax deductions caused by debt
repayment. Since the purchase and resale prices of capital decrease by the same
amount of tax savings, their ratio should increase. This increases the effective
irreversibility perceived by the shareholders.

The next two propositions show that the firm’s optimal behavior is to use all
of its debt capacity at once—if the cost of issuing debt is sufficiently small so
that the tax savings that are due to interest payments dominate the cost of debt
financing—and never to adjust its book leverage thereafter. I assume that the
cost of issuing debt is below this limit.8

Proposition 3. Let G (b) ≡ yU (b) /yL (b) > 1. Then, there is a critical level
for the cost of issuing debt, given by

c∗ = τ

(
1 −

1

1 − αN

)
> 0, (13)

below which the firm strictly prefers debt to equity.

Proof. See Appendix. �

Proposition 4. It is never optimal to readjust debt.

Proof. The Appendix shows thatJb (X, K , b)+K > 0. Therefore, the smooth-
pasting conditions required at debt restructuring are not satisfied. �

The intuition for this proposition follows from the envelope theorem.
Appendix B shows thatJb (X, K , b) + K = 0 should hold at the debt

8 The parameter estimates for the calibration of the model imply thatc∗ is 2.3%, which is above the level used
in the literature. For example,Fischer, Heinkel, and Zechner(1989) use 1% for the corresponding parameter in
their model.

1045

D
ow

nloaded from
 https://academ

ic.oup.com
/rfs/article/25/4/1033/1580928 by guest on 18 M

ay 2023



The Review of Financial Studies / v 25 n 4 2012

adjustment boundary for debt adjustment to be optimal and discusses how
this condition can be interpreted as an envelope condition. In particular, if
the before-adjustment book leverage,b, changes by a small amount,db, the
amount of debt the firm has to repay at the time of adjustment increases
by (db)K . If debt adjustment were optimal, i.e., if debt adjustment were
to maximize the market value of equity,J(X, K , b), then the shareholders
should have been compensated by the same amount, which would imply that
Jb(K , X, b)db + Kdb = 0 or Jb(K , X, b) + K = 0 at the debt adjustment
boundary. BecauseJb(K , X, b) + K > 0 for all (X, K , b), this optimality
condition is violated, i.e., debt adjustment cannot be an optimal policy, for any
choice of adjustment boundary.

The following proposition shows that the leverage limit set by the debthold-
ers is the same for all firms, regardless of their productivity and capital
levels.

Proposition 5. The debt limit implied by the no-bankruptcy condition is not
state-dependent.

Proof. See Appendix. �

This proposition tells us that the book leverage in this model should not
be state-dependent because the debt limit is determined by the worst-case
scenario, which is not state-dependent because of the homogeneity of the firm’s
value. This result is important for two reasons: first, it strengthens the result
that it is not optimal to adjust debt once it is set because it is costly to adjust,
and the new limit would be the same as the old limit. Second, because the debt
limit is, as a fraction of total capital, the same for all firms, book leverage is
the same across firms with different book-to-market ratios. Figure1 shows that
this implication of the model fits the data.

Propositions4 and5 also imply that the book leverage is constant over time.
This simplifies the analysis of the model. However, we can easily generalize
the model with time-varying book leverage: suppose that the resale value
of capital, η, is changing over time. The debt limit can be either set via
eitherb < η or the no-bankruptcy condition, so that in each case it can be
conditioned on the resale value of capital. Then, since the homogeneity of the
problem inX andK still holds, the investment boundaries would be given by
X/K = yU (b, η) andX/K = yL (b, η). Following the proof of Proposition5,
the no-bankruptcy debt limit would be given byJ (1, yL (b, η) , b) = 0, imply-
ing that the debt limit is a function only of the resale value,b (η). As a result,
although book leverage is time varying withη, it would still be constant across
different book-to-market portfolios without changing the other properties of
the model. Therefore, time-varying book leverage can be incorporated in the
model, but this would complicate the analysis without providing additional
intuition.

1046

D
ow

nloaded from
 https://academ

ic.oup.com
/rfs/article/25/4/1033/1580928 by guest on 18 M

ay 2023



Financial Leverage, Corporate Investment, and Stock Returns

5. Stock Returns

5.1 Investment irreversibility and stock returns
In order to isolate the pure effect of investment irreversibility on stock returns,
I focus on a firm that does not have any operating costs and financial leverage.
In this case, the market value of firm’s equity is given by

J (K , X) = H Xγ K 1−γ + DP XαP K 1−αP + DN XαN K 1−αN , (14)

whereαP > 1 > γ > 0 > αN and H , DP, andDN are positive constants.
These three terms capture the market value of the assets-in-place, the growth
options, and the disinvestment options, which I denote asJ AP, JG, and JD,
respectively.

Using Ito calculus and some algebra, we can derive the (conditional)
expected excess stock return as

1

dt
E (d R) − r =

1

dt
E

(
πdt + dJ

J

)
− r = σSσA

JX X

J

= σSσA

(
J AP

J
γ +

JG

J
αP +

JD

J
αN

)

= σSσA (sAPγ + sGαP + sDαN) . (15)

Therefore, the expected excess stock return is a value-weighted average
of expected excess returns that come from the three sources of value.
Since the book-to-market ratio can be expressed as(1 − b) K/J (K , X) =
(1 − b) /J (1, y), the ratio of productivity to capital,y, is negatively related
to the book-to-market ratio. Appendix H shows that the expected stock return
increases iny and hence decreases in book-to-market values, which produces
a growth premium, rather than a value premium.

The result presented in this section is intuitive, once we realize the simi-
larities of growth and disinvestment options with financial options. The firm’s
investment opportunity is a call option because the firm has the right, but not
the obligation, to buy a unit of capital at a predetermined price. As we know
from the financial options literature, as the price of the underlying security
rises and falls, the price of the call option rises and falls at a greater rate than
the underlying security because the strike price of the call option acts like an
implicit leverage. This suggests that the value of the growth option, i.e., the call
option to invest, should be more responsive to profitability shocks, and hence
riskier, than the assets-in-place. This is captured byαP > γ in this model.
This result is consistent with the finding ofBernardo, Chowdry, and Goyal
(2007) that the beta of growth opportunities is greater than the beta of assets-
in-place for the unlevered firm. As a result, growth firms, which mainly derive
their value from growth options, should have higher expected returns than do
value firms.
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Similarly, the disinvestment opportunity is a put option because the firm has
the right, but not the obligation, to sell a unit of capital at a predetermined price.
The value of this put option is negatively related to the value of the underlying
asset because the gain from exercising the option, i.e., from disinvestment, is
higher for less productive firms. Therefore, the disinvestment option provides
the value firms with insurance against downside risk and hence reduces their
riskiness. In this model, this is captured viaαN < 0.

This result contrasts with the intuition of several recent articles, such as
Zhang (2005) and Cooper(2006), which present investment irreversibility
as the source of the value premium. These articles argue that investment
adjustment costs make it harder for value firms to deploy their excess capital
when the economy faces bad shocks, whereas growth firms do not face the
same problem, since they do not have too much excess capital. As a result,
assets-in-place should be riskier than are growth options, and hence value
firms should be riskier than growth firms. However, these articles include
fixed operating costs in the profit function of the firm, which would affect
the business risk, and possibly create a value premium, asCarlson, Fisher, and
Giammarino(2004) suggest.9

To show that the relation between investment irreversibility and the cross-
section of stock returns does not depend on the assumptions of the model,
the following proposition generalizes the argument that growth options are
riskier than are assets-in-place by providing a proof that does not depend on
the properties of the adjustment cost or on the properties of the processes for
productivity or the stochastic discount factor. The proposition focuses on total
irreversibility of investment because if irreversibility were the main reason for
the value premium, it would create the greatest value premium if firms were
not able to disinvest.

Proposition 6. In the absence of leverage and under perfect investment
irreversibility, growth options are riskier than assets-in-place.

Proof. See Appendix. �

It follows from this proposition that growth firms that derive their value
from growth options should have higher expected returns, so we have a growth
premium, rather than a value premium, under investment irreversibility without
leverage. Despite the negative relation of the value premium and investment
irreversibility, I keep irreversibility in my model because it is useful to generate
a wide range of book-to-market values and market leverage that improve the
model’s fit with the data.

9 Zhang(2005) provides (in Table IV) a sensitivity analysis that shows that a 10% reduction in fixed operating
costs reduces the difference between stock returns of the firms in the highest and lowest book deciles by 1%.
If we assume that the elasticity of return differences to fixed costs is constant, eliminating operating leverage
should lead to a 10% decrease in the value premium between the highest and lowest deciles and hence would
nullify the stock return differences.
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5.2 Financial leverage and stock returns
Using Ito calculus and the HJB Equation (7) from the previous section, we can
write the expected excess stock return as

E [d Ri ] − rdt =
π̄ (Ki , Xi ) dt + E [d J (Ki , Xi )]

J (Ki , Xi )
− rdt

= σSσA
Xi Ji X (Ki , Xi )

Ji (Ki , Xi )
dt, (16)

whereσS is the price of risk andσA
Xi Ji X (Ki ,Xi )

Ji
is the risk exposure. Appendix

C shows that we can rewrite this as

1

dt
E (d Ri ) − r =

(
1 +

m̄ (b) /r K

J

)

(γ sAP + αPsG + αNsD) σSσA, (17)

where the first factor captures the Modigliani-Miller effect, and the second
factor decomposes the total business risk (as if the firm were entirely financed
by equity) into assets-in-place, a growth option, and a disinvestment option.

Financial leverage affects expected returns in two ways. The first effect,
the Modigliani-Miller channel, is obvious in Equation (17). Firms with higher
market leverage,bK/(J + bK), also have higher book-to-market values,
(1 − b) K/J, when book leverage,b, is constant. This makes the equity of
firms with higher book-to-market value riskier. This channel operates in a
similar way to operating leverage inCarlson, Fisher, and Giammarino(2004)
andCooper(2006) in the absence of capital structure decisions. The operating
leverage in these models may be interpreted as a consol bond with a coupon
set as a fixed fraction of physical capital. However, operating leverage is an
exogenous parameter that is related with the firms’ technology in these articles,
whereas financial leverage is endogenously determined in my model.

The second effect comes from the interaction of financial leverage and
investment. We have seen in Section4 that financial leverage increases the
effective degree of investment irreversibility faced by the owners of the firm,
and in Section5.1 that irreversibility causes a growth premium, rather than
a value premium. Therefore, the effect of leverage on business risk, which is
captured by the second factor in Equation (17), counteracts the Modigliani-
Miller effect.

The net effect of financial leverage on expected stock returns depends on the
parameterization of the model, which is the topic of the next section. The next
section also shows that operating leverage plays a much less important role
than does financial leverage in explaining value premium, which is consistent
with the empirical evidence in Section1.

6. Calibration and Simulation

Some parameters of the model have direct counterparts in the data. In accor-
dance withTaylor (2003), the tax rate is taken to be 35%. The risk-free rate
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is taken to be 2%, using a time-series average of Fama’s monthly Treasury
bill returns from the CRSP database from July 1963 to June 2008. The yearly
value of σS is set to 0.38 in order to match the average monthly Sharpe
ratio of the excess market return, using the excess market return series from
Kenneth French’s Web site, again from July 1963 to June 2008. Because of the
interaction between the resale price of capital and book leverage, it is enough
to preset only one of these parameters. Since there is no consensus regarding
the exact value of the resale price of capital—whereas we actually observe the
book values from Compustat—I preset book leverage to 0.5 and estimate the
implied resale value of capital.

The remaining parameters for which we do not have direct observations are
estimated via maximum likelihood, using the long-run stationary distribution
of the book-to-market values from Compustat. It is possible to calibrate all
the parameters using a collection of numbers from other articles, such as
Zhang(2005), Cooper(2006), or Gomes and Schmid(2010), or to estimate
the parameters that fit the distribution of returns, as inCarlson, Fisher,
and Giammarino(2004). Instead, I make use of the distribution of book-
to-market values because explaining the cross-section of returns consists of
two important steps: getting the relation between returns and book-to-market
values right and getting the distribution of book-to-market values right. If the
model fails any of these steps, it cannot produce the correct distribution of
returns. Even worse, a model can claim to correctly explain the cross-section
of returns although it fails in both steps. Therefore, starting the analysis with
the distribution of book-to-market values provides a consistency check.

Appendix J discusses the derivation of the closed-form solution for the
long run stationary distribution of book-to-market values implied by the
model. For estimation purposes, I make the counterfactual assumption that
book-to-market values are serially and cross-sectionally independent and
identically distributed, because the complex nature of the full information
maximum likelihood function would require resorting to simulated maxi-
mum likelihood, which would be computationally expensive.Hayashi(2000,
p. 465) shows that the resulting quasi-maximum likelihood estimator is indeed
consistent. Therefore, it is a safe approach, given the high number of firm-year
observations in Compustat.10

The resulting estimation values are presented in Table1, while Figure4
gives the relation between conditional expected stock returns and the
book-to-market values implied by the calibration. Indeed, we see that the
Modigliani-Miller channel of leverage dominates the investment channel,
because the equity returns are increasing in book-to-market values.11

10 See Section 7.2 inHayashi(2000), in particular the second remark on page 465. As inFama and French(1992,
Table III), the smallest and largest 0.5% of the book-to-market ratios are winsorized.

11 I have also estimated the model parameters usingμX = 0, following Carlson, Fisher, and Giammarino(2004).
Though parameter estimates change, the results of this section are similar.
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Table 1
Model parameters

Model Parameters

Parameter Name Calibrated Value Confidence Interval

Interest Rate r 0.02
Price of Risk σS 0.38
Corporate Tax τ 0.35
Book Leverage b 0.50
Aggregate Volatility σA 0.14 (0.13,0.15)
Idiosyncratic Volatility σi 0.51 (0.49,0.54)
Technology Drift μX −0.07 (-0.08,-0.06)
Maintenance Cost δ 0.02 (0.0209,0.0249)
Capital Share in Production 1 − γ 0.10 (0.1008,0.1035)
Resale/Purchase Value of Capital η 0.10 (0.1011,0.1022)

The numbers in parentheses give 95% confidence intervals calculated by using 1,000 bootstrap samples. The
confidence intervals are very tight because of the large number of observations for book-to-market value. The
productivity multiplier,h, affects the levels of equity and debt but not the quantities we are interested in because
these quantities depend on the ratios, rather than levels. Hence,h is a free parameter and normalized to1.

Figure 4
Expected returns versus book-to-market ratio using the estimated parameters

Using this calibration, we can also immediately decompose the contribution
of leverage to stock returns through investment and the Modigliani-Miller
channels. Figure5 shows that the introduction of debt has hardly any effect
on business risk; hence, the Modigliani-Miller channel easily dominates the
investment channel, as confirmed by Figure4.
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Figure 5
Total yearly expected firm returns, debt and equity combined, for the levered firms and all-equity-financed
firms using estimated parameters

Table 2
Data versus simulation results with estimatedparameters

Data Model δ = 0.01 δ = 0.00

Portfolio Return BE/ME ML BL Return BE/ME ML BL Return Return

1 8.48 0.16 0.17 0.48 10.56 0.12 0.10 0.50 10.51 10.47
2 10.62 0.32 0.24 0.45 11.17 0.25 0.20 0.50 11.15 11.13
3 12.13 0.45 0.31 0.47 11.73 0.37 0.27 0.50 11.71 11.70
4 12.50 0.57 0.38 0.49 12.28 0.49 0.33 0.50 12.27 12.25
5 14.14 0.70 0.43 0.51 12.86 0.62 0.38 0.50 12.84 12.83
6 15.50 0.83 0.48 0.52 13.46 0.76 0.43 0.50 13.45 13.44
7 17.14 0.99 0.51 0.52 14.19 0.92 0.48 0.50 14.17 14.17
8 17.73 1.19 0.55 0.52 15.25 1.16 0.54 0.50 15.23 15.23
9 19.92 1.51 0.58 0.51 17.13 1.59 0.61 0.50 17.12 17.11
10 24.29 2.85 0.66 0.51 23.19 2.98 0.74 0.50 23.17 23.16

Returns, BE/ME, ML, and BL are time-series averages of equally weighted cross-sectional means of equity
returns, book-to-market ratios, market leverage, and book leverage, respectively. These variables are defined in
the caption of Figure1. The simulation results are the average of 200 simulations with 3,000 firms and 1,500
periods each. The first 500 periods have been discarded to allow the system to converge to its steady state.
Using simulation results, the stocks are sorted according to their book-to-market values in order to form ten
portfolios every month, as inCooper(2006). Yearly sorting does not change the results in a significant way. The
results are averages across simulations. Simulated returns are adjusted upward for inflation. Columns 6 to 9 give
benchmark model results; columns 10 and 11 give results when the maintenance cost,δ, is changed from its
benchmark value. Data source: CRSP and Compustat merged database (June 1963 to July 2008).

Using the parameter values in Table1, I simulate the model in order to obtain
the statistics for various book-to-market portfolios, as inFama and French
(1992). Table2 presents the simulation results and the statistics obtained from
the Compustat and CRSP data for the period of July 1963 through June 2008.

This table shows that the simulated returns, book-to-market ratios, and
market leverage are very close to the data, which is in accordance with the
intuition presented in the article: when book leverage is relatively constant
across different portfolios, value firms have higher market leverage than do
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growth firms; hence, investing in the equity of value firms is riskier than
investing in the equity of growth firms.

Moreover, the last two columns of Table2 provide a sensitivity analysis for
the maintenance cost parameter,δ, to support the claim that market leverage—
and not operating leverage—is the main driving force in the model because
maintenance cost may cause an operating leverage channel, as inCarlson,
Fisher, and Giammarino(2004). One might expect that stock returns will
decrease as the maintenance cost gets smaller because operating leverage
increases the business risk. For example, this is what we do observe inZhang
(2005, Table IV). However, this intuition only holds if a change in operating
leverage does not affect the investment or financing behavior of the firm.
Indeed,Zhang(2005) does not have any financial leverage and investment
decisions are independent of operating leverage. In my model, given book
leverage, a reduction in operating leverage decreases the effective degree of
investment irreversibility, the proof of which mirrors Proposition2 because
operating leverage increases the effective purchase and resale value of capital
by the same amount. Moreover, given investment behavior, a reduction in
operating leverage also affects financing behavior by increasing the debt
capacity of the firms, which, in turn, increases the equity risk. Table2 tells
us that these effects counteract each other and result in a small change in
returns. Moreover, the operating leverage parameter, which corresponds to my
maintenance cost parameter, is equal to 1.5 inCarlson, Fisher, and Giammarino
(2004), whereas in my articleδ = 0.02. This implies that any effect of
operating leverage on the value premium should be much smaller after the
inclusion of financial leverage, which is consistent with the result in Table2
and the empirical evidence in Section1.

Finally, and not surprisingly, because this is a single-factor model, the
CAPM βs explain a significant part of the variation in stock returns (not
reported here). This issue is addressed in the next section.

7. Discussion

7.1 Failure of CAPM
One property of the model is that there is only a single systematic shock,
and hence the conditional CAPM holds. Although the unconditional version
of the CAPM cannot perfectly explain the differences in stock returns, it still
explains a significant fraction—more than what is predicted by the data. This
is a common property of the production-based models, which try to explain
cross-sectional variation in stock returns with only one shock.12 However,
one reason the value premium is a puzzle is that it cannot be explained
by the CAPM. Many investor-based models—like the intertemporal capital

12 Examples areCarlson, Fisher, and Giammarino(2004), Zhang(2005), andBerk, Green, and Naik(1999), among
others.
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asset pricing model (ICAPM), as studied byMerton (1973), Campbell and
Vuolteenaho(2004), andLettau and Wachter(2007)—suggest that the CAPM
fails because it does not correctly price the risk factors when there are multiple
aggregate shocks. The online appendix shows that the extension of the model
with shocks to the price of capital goods can easily generate a similar result
without changing any quantitative implications. The bottom line is that the
leverage-based model presented here does a very good job of capturing the
distribution of returns and market leverage across different book-to-market
portfolios, whereas we can rely on additional macroeconomic factors in order
to generate the failure of the CAPM as in the previously mentioned studies.

7.2 Fama-MacBeth regressions and the information content of
book-to-market and market leverage

This section provides further empirical results in order to compare the
implications of the model with previous empirical studies that focus on the
relation between financial leverage and returns.Johnson(2004) and Gomes
and Schmid(2010) document a weak relation between market leverage and
stock returns after accounting for book-to-market values. I will also look at
the relation between stock returns and book leverage because my model is
silent about this relation since book leverage is constant in the model.Gomes
and Schmid(2010) find that the relation between returns and book leverage is
weak before and after controlling for book-to-market values. However,Fama
and French(1992) document that book leverage is negatively related to stock
returns after accounting for market leverage. This evidence may seem to imply
that book-to-market value contains significant information about stock returns
that is not captured by market leverage, which is contrary to the claim of the
article and the evidence in Section1. In the following, I argue that this is not
the case and provide an explanation that reconciles the claim of the article with
this evidence.

To study the relation of returns with book-to-market values, market leverage,
and book leverage in a unified framework, I follow in the footsteps ofFama and
French(1992) and decompose book-to-market value into a market leverage
and a book leverage component. To be consistent with the rest of the analysis,
I stick to the definition of market and book leverage used in the rest of the
article, which is similar to the definition inGomes and Schmid(2010). Let
A be the book value of total assets,M E the market value of equity, andBE
be the book value of equity. Then, I can decompose the book-to-market ratio,
BE/M E, as

BE

M E
=

(A − BE) / (M E + A − BE)

M E/ (M E + A − BE)

BE/A

(A − BE) /A

=
M L

1 − M L

1 − BL

BL
, (18)
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Table 3
Fama-MacBeth regressions of stock returns on various variables

log BE/ME log ML/(1-ML) log (1-BL)/BL

0.42 (6.38)
0.11 (2.61)

0.03 (0.69)

0.45 (8.12) −0.04 (1.14)

0.41 (6.39) 0.04 (1.14)

0.41 (6.39) 0.45(8.13)

Book-to-market value (BE/ME), market leverage (ML), and book leverage (BL) are defined in the caption of
Figure1. The coefficients are the time-series average of regression coefficients for July 1963 to June 2008, and
the t-statistics (in parentheses) are the average regression coefficient divided by its time-series standard error.
Note that some of the coefficients andt-statistics are similar to each other simply because one variable is the
sum of the other two. Each horizontal line is a separate regression.

where M L and BL are market leverage and book leverage, respectively.
Therefore, the value premium should stem from either market leverage or book
leverage. Note that the first term on the right is an increasing function of market
leverage, and the second term is a decreasing function of book leverage.13

Using this decomposition, I run all possible univariate and bivariate
Fama-MacBeth regressions of stock returns on the logarithms ofBE/M E,
M L/ (1 − M L), and (1 − BL) /BL. Table 3 gives the results of these six
regressions. The regression results are qualitatively the same when I run
these regressions using logM L and logBL instead of logM L/ (1 − M L) and
log(1 − BL) /BL. Adding firm size or the total returns over the previous year
does not change the regression results qualitatively.

Table 3 shows that while the sign of the market leverage component is
positive and significant in the univariate regression, it becomes insignificant
once we control for book-to-market value. This result is similar to the one in
the articles byJohnson(2004) andGomes and Schmid(2010). The coefficient
for the book leverage component is small and insignificant before and after
controlling for book-to-market value, which is supported by the analysis of
Gomes and Schmid(2010). Moreover, book leverage has a negative and
significant coefficient after controlling for market leverage, as inFama and
French(1992).14 A striking result in the last regression is that the coefficients
of the market leverage and book leverage components are very similar in
magnitude, which seems to imply that the book-to-market effect wraps up any
effect of market leverage and book leverage. This result is also available in

13 This decomposition is somewhat different fromFama and French’s (1992) decomposition,BE/M E =
(BE/A) (A/M E). They useA/BE as a measure of book leverage andA/M E as a measure of market leverage.
All results in this section remain qualitatively the same when I use their decomposition.

14 Note thatlog(1 − BL) /BL = − log BL/ (1 − BL) is negatively related with book leverage.
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Fama and French(1992) with their decomposition and is presented in their
Table III.

The results in Table3 seem to suggest that book-to-market contains signif-
icantly more information about stock returns than does the market leverage,
although the empirical evidence in Section1, and in the articles cited therein,
seems to suggest otherwise. However, there is no contradiction. To see this,
suppose that the correct model to explain returns is given byr E = a0 +
a1 f + e, where a0 and a1 are coefficients,f is the fundamental factor,
and e is the error term withE(e) = 0. Also, suppose that both book-to-
market value and market leverage are imperfect proxies for this fundamental,
so that logBE/M E = f + u1 and logM L/ (1 − M L) = f + u2, with
E(u1) and E(u2) constant, andE(u1e) = E(u2e) = cov(u1, u2) = 0.
Note that the book leverage component would then be log(1 − BL) /BL =
log BE/M E − log M L/ (1 − M L) = u1 − u2, and it would be a random
number that is completely unrelated to fundamentals. Table4 summarizes the
expected values of regression coefficients under these assumptions. Finally,
suppose thatvar (u1) is small, relative tovar(u2), which is also supported
by the data becausevar (log BE/M E) = var ( f ) + var (u1) = 0.68 and
var (log M L/ (1 − M L)) = var ( f ) + var (u2) = 2.4 when we take the
time-series average of the cross-sectional variance of these variables.

This scenario suggests that we should expect the following results:

1. When we separately run two univariate regressions of returns on
the book-to-market value and the market leverage component, both
regression coefficients should be expected to have the same sign, but
the coefficient of market leverage should be lower. (Regressions 1 and
2) We should also expect a small and insignificant coefficient when we
run the regression of returns on book leverage. (Regression 3)

Table 4
Expected values of regression coefficients under the proposed econometricmodel

log BE/M E log M L/ (1 − M L) log(1 − BL) /BL

β
var( f )

var( f )+var
(
u1
)

β
var( f )

var( f )+var
(
u2
)

0

β
var

(
u2
)

var
(
u1
)
+var

(
u2
)
+

var
(
u1
)
var

(
u2
)

var( f )

β
var

(
u1
)

var
(
u1
)
+var

(
u2
)
+

var
(
u1
)
var

(
u2
)

var( f )

β
var

(
u1
)
+var

(
u2
)

var
(
u1
)
+var

(
u2
)
+

var
(
u1
)
var

(
u2
)

var( f )

−β var(u1)

var
(
u1
)
+var

(
u2
)
+

var
(
u1
)
var

(
u2
)

var( f )

β
var

(
u1
)
+var

(
u2
)

var
(
u1
)
+var

(
u2
)
+

var
(
u1
)
var

(
u2
)

var( f )

β
var

(
u2
)

var
(
u1
)
+var

(
u2
)
+

var
(
u1
)
var

(
u2
)

var( f )
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2. When we run the regression of returns on the book-to-market value
and the market leverage component, the coefficient on the book-to-
market term should be large, whereas the coefficient on market leverage
should be small. (Regression 4) We should expect a similar pattern
when we replace market leverage with book leverage. (Regression 5)
The magnitude of the coefficients on book leverage and market leverage
should be smaller the smaller isvar (u1), relative tovar (u2).

3. When we regress returns on the market leverage and book leverage
components, both should be large and have similar magnitude. (Regres-
sion 6) The magnitude of the two coefficients become closer the lower
is var(u1), relative tovar (u2).

All these items are in line with the regression results in Table3.15 Finally,
this argument also sheds light on why we see constant average book leverage
across different book-to-market portfolios, as seen in Figure1. As the sample
size increases, the average value of the book leverage component in each
portfolio approaches the constantE(u1 − u2) by the law of large numbers
for small values ofvar (u1).

Another way to verify the econometric model previously suggested
is to look at its implications for the correlation of logBE/M E with
log M L/ (1 − M L) and log(1 − BL) /BL. Let ρBM,M L be the first and
ρBM,BL be the second of these correlation coefficients. If the econometric
model is correct andvar (u1) is a small number, as suggested, then

ρBM,M L =
var ( f )

√
var ( f ) + var(u1)

√
var ( f ) + var(u2)

≈
1

√
1 + var(u2)/var ( f )

ρBM,BL =
var (u1)

√
var ( f ) + var(u1)

√
var(u1)

≈ 0.

Moreover, if we denoteβ0,BM andβ0,M L as the coefficients in the first two
univariate regressions in Table4, we should have

β0,M L

β0,BM
=

var ( f ) + var (u1)

var ( f ) + var (u2)
≈

1

1 + var(u2)/var ( f )
= ρ2

BM,M L .

This analysis implies thatρBM,BL ≈ 0 andρBM,M L ≈
√

β0,M L/β0,BM =
0.51 using Table3. These numbers are also supported by the data. The

15 The only discrepancy between Tables3 and4 is that the sign of the market leverage coefficient in regression 4
and book leverage coefficient in regression 5 are different, although their magnitude is small, as suggested by the
proposed econometric model. This does not pose an important problem because the corresponding coefficients
in Table3 are very small random numbers with lowt-statistics. A small positive regression coefficient with a low
t-statistic is not statistically different from a small negative number, and a small negative regression coefficient
with a low t-statistic is not statistically different from a small positive number.

1057

D
ow

nloaded from
 https://academ

ic.oup.com
/rfs/article/25/4/1033/1580928 by guest on 18 M

ay 2023



The Review of Financial Studies / v 25 n 4 2012

time-series average of the cross-sectional correlation between the log of book-
to-market value and its market leverage component is 0.57 with standard de-
viation 0.06, whereas the correlation between the log of book-to-market value
and its book leverage component is only 0.02 with standard deviation 0.07.

On the other hand, suppose that book-to-market contains some additional
significant information about returns that is not captured by market leverage,
so that logM L/(1 − M L) = f1 and logBM = κ1 f1 + κ2 f2, where both
f1 and f2 are correlated with stock returns. For any value ofκ1 and κ2,
unlessκ1 = 1 andvar ( f2) or κ2 is close to zero, this would imply that
log(1 − BL) /BL = (κ1 − 1) f1 + κ2 f2 should have a statistically significant
coefficient in the univariate regression and a significant correlation coefficient
with log BM—both of which are not correct. However, ifκ1 = 1 andvar ( f2)
or κ2 is close to zero, then logBM ≈ log M L/(1−M L)+constant, implying
that the book-to-market value does not contain significant information beyond
its market leverage component regarding stock returns.

So, the results in this section suggest that previous empirical evidence,
which seems to contradict the claim of the article, is actually consistent with
an explanation in which book-to-market value and market leverage proxy for
the same fundamental factor, despite the fact that the book-to-market proxy is
subject to less error.16

The results also suggest that book leverage is not systematically related to
book-to-market value and stock returns. Therefore, the property of the model—
that book leverage is constant—is a suitable simplification. It is possible to
introduce cross-sectional variation in book leverage to the model, e.g., by
assuming that some of the model parameters are firm- or industry-specific or
by introducing an idiosyncratic shock to a model parameter, such as the resale
value of capital,η. This would reduce, to some extent, the cross-sectional
correlation of market leverage and book-to-market values in the model but
would not change the main claim that market leverage explains a major portion
of the value premium because market leverage and book-to-market values
would still be strongly correlated, as supported by the data. This extension
makes it harder to derive closed-form solutions and blurs the clear intuition
provided in this article.

7.3 Investment irreversibility and countercyclical risk price
Section5.1 has shown that investment irreversibility cannot generate a value
premium under constant risk prices without the help of operating costs or

16 A conference discussion byZhang(2007) sorts the firms into three market-leverage portfolios, runs a regression
of these portfolios onFama and French(1993) HML and SMB factors, and shows that the resulting alphas
are negative. The econometric model proposed here can also generate the same result: under the proposed
econometric model, market leverage is a more noisy proxy for the fundamental factor than is book-to-market.
Therefore, when we sort stock into portfolios, the return difference across the three market leverage portfolios
should be lower than the return difference across three book-to-market portfolios used to create the HML factor,
consistent with the data. Then, the regressions would generate a negative alpha that captures this difference.
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financial leverage. Therefore, the latter seem to be necessary to generate the
value effect in models with investment irreversibility. To generalize this result,
this section extends the investment irreversibility framework by introducing
a countercyclical risk price. If investment irreversibility contributes to the
generation of the value premium, then its contribution should be greatest
when investment is perfectly irreversible. Therefore, to maximize the impact
of irreversibility, the resale value of capital,η, is set to zero in this section.

The countercyclical risk price is modeled as

dS

S
= −rdt − θdwA, (19)

dθ = −θ0
(
θ − θ̄

)
dt − θ1dwA, (20)

whereθ is the price of risk. The parametersθ0 andθ1 are positive so that the
risk-prices are mean reverting and a positive systematic shock translates into a
negative shock to the risk price.

The online appendix shows that the convergence of the solution requires
θ0 > θ1. I chooseθ0 = 0.2 in order to match the mean reversion of risk prices
in Zhang(2005) and setθ1 = 0.1 to ensure convergence.17 Moreover, I set
θ̄ = σS = 0.38. All other parameter values are the same as in the original
model.18 Since the model no longer admits a closed-form solution, I solve the
model by using the projection and collocation method as described inJudd
(1998, p. 369), the details of which are provided in the online appendix.

The left panel of Figure6 provides the plot of annualized expected returns
versus book-to-market values under countercyclical risk prices for different
realizations of risk price. The right panel provides the same relation with
constant risk price. As illustrated in this figure, in the absence of operating
costs and financial leverage, investment irreversibility does not generate a
value effect, with or without countercyclical risk price. This finding is in line
with the results provided in Section5.1. The online appendix also decomposes
the expected excess returns under countercyclical risk into its two components
because of productivity and risk price, and shows that both of them are
nonincreasing in book-to-market values.

While countercyclical risk price changes the level of expected returns, it
does not much affect their cross-sectional variation. Intuitively, the risk price is
negatively correlated with the aggregate shocks, and this correlation influences
the level of returns by generating additional risk exposure. However, risk
price is not correlated with the idiosyncratic shocks to productivity. These
idiosyncratic shocks are the main source of the cross-sectional variation in

17 The risk prices inZhang (2005) revert to the mean at the rate of0.95
1
3 monthly. This corresponds to

θ0 = −ln
(
0.9512/3

)
= 0.21. Choosing different values forθ0 andθ1 does not affect the results qualitatively.

18 I have also triedμX = 0, as inCarlson, Fisher, and Giammarino(2004). The results are qualitatively similar.
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Figure 6
Expected returns versus book-to-market values with and without countercyclical risk.
Left panel: Each curve corresponds to a Chebyshev collocation point for risk priceθ . Higher curves present the
relation for a higher value ofθ ∈{0.12, 0.15, 0.21, 0.29, 0.38, 0.47, 0.55, 0.61, 0.64}. Right panel:θ = θ̄ = 0.38.
Returns in both panels are adjusted for inflation.

expected returns because the risk prices and aggregate productivity shocks are
the same for all firms.

To conclude, countercyclical risk price is neither necessary nor sufficient in
generating the value premium, at least in my model. It is not necessary because
the original model shows that market leverage can generate value premium
even in the absence of countercyclical risk price. It is not sufficient because this
analysis shows that countercyclical risk price cannot generate value premium
in the absence of operating costs or financial leverage.19

8. Conclusion

This article presents a dynamic model of the firm with limited capital
irreversibility and risk-free debt contracts in order to analyze the effects of
financial leverage on investment and to explain the positive relation between
book-to-market values and stock returns. This model can capture several reg-
ularities in the corporate finance and asset pricing literature in a parsimonious
and tractable way.

Finally, the mechanism that relates financial leverage to stock returns through
the investment channel in the model suggests two new testable implications
for future research. Because financial leverage increases effective investment
irreversibility through the interest tax-shield, firms with a greater interest tax-
shield invest as if they face greater investment irreversibility.20 Moreover,

19 For comparison, I also check how the results change if we set fixed costs to zero inZhang’s model
(2005) using his benchmark parameterization and the code provided on his Web site, http://fisher.osu.edu/
∼zhang 1868/vpCode.zip. The results verify that the positive relation between returns and book-to-market
values disappears inZhang (2005) even if we keep the assumptions about investment irreversibility and
countercyclical risk price.

20 The effect of irreversibility on investment is discussed byAbel and Eberly(1994, 1996) in detail.
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the relation between investment irreversibility and stock returns in the model
suggests that industries with a higher degree of investment irreversibility should
have, after taking leverage and the interest tax shield into account, a weaker rela-
tion between book-to-market values and stock returns. One can potentially test
these implications of the model by comparing the investment behavior and the
value premium in industries with different corrected investment irreversibility.
The data tell us that the value premium is a within-industry, rather than an inter-
industry, phenomenon, so this would be a valid test.21

Introducing debt into production-based asset pricing models opens several
possibilities. For example, the model presented here could be extended
with time-varying interest rates in a framework similar toMerton’s (1973)
intertemporal ICAPM. This would serve two purposes. First, it would decrease
the explanatory power of the conditional market beta for stock returns. Second,
it would help us analyze the relation between book-to-market, market leverage,
and stock returns in a production-based economy in the presence of discount
rate shocks similar toCampbell and Vuolteenaho(2004) andCampbell, Polk,
and Vuolteenaho(2009). This is left for future research.

Appendix

A. Proof of Proposition 1

We haveη ≥ b if debt is limited by the resale price of capital. The market value of equity is
bounded by(η − b) K ≥ 0 because this is what the shareholders receive after paying the lenders
if they decide to dissolve the firm. LetJ (X, K , b) be the market value of equity andKU (X, b) be
the investment boundary. Then,J (X, K , b) > (η − b) K must hold at the investment boundary,
KU (X, b); otherwise, the firm would immediately dissolve, leaving the shareholders with capital
(η − b) K in return to their investment(1 − b)K >(η − b)K . Therefore,J (X, KU (X, b) , b)>0.
Finally, we can write the market value of equity as

J (X, K , b) = J (X, KU (X, b) , b) +
∫ K

KU (X,b)
JK (X, k, b) dk, (A1)

where 1− b ≥ JK (X, K , b) ≥ η − b ≥ 0, because the marginal value of capital is bounded
by investment and disinvestment options. We also haveK ≥ KU (X, b) for any givenX andb,
because the firm will invest in order to prevent the value of capital from falling belowKU (X, b).
Therefore, the integral on the right side of this equation should be positive. Since the sum of the
two positive terms is positive, we haveJ (X, K , b) > (η − b) K ≥ 0 for all (X, K , b), and this
completes the proof.

B. Boundary Conditions

This section presents the boundary conditions for the HJB equation (7).22 The boundary conditions
at the investment boundary,XU (K , b), are

21 See, e.g.,Cohen and Polk(1998).

22 Dixit (1993) is a good introduction to the derivation of these conditions.
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JK (K , XU (K , b) , b) = 1 − b, (A2)

JK K (K , XU (K , b) , b) = 0, (A3)

JK X (K , XU (K , b) , b) = 0, (A4)

JKb (K , XU (K , b) , b) = −1, (A5)

while the boundary conditions at the disinvestment boundary,XL (K , b), are given by

JK (K , XL (K , b) , b) = η − b, (A6)

JK K (K , XL (K , b) , b) = 0, (A7)

JK X (K , XL (K , b) , b) = 0, (A8)

JKb (K , XL (K , b) , b) = −1. (A9)

Finally, if we denote the book leverage after adjustment asb′, the boundary conditions at the debt
adjustment boundaries23 are given by

J (K , XB (K , b) , b) = J
(
K , XB (K , b) , b′)

+
(
b′ − b

)
K − cb′K , (A10)

JK (K , XB (K , b) , b) − cb = JK
(
K , XB (K , b) , b′)

+
(
b′ − b

)
− cb′, (A11)

JX (K , XB (K , b) , b) = JX
(
K , XB (K , b) , b′) , (A12)

Jb (K , XB (K , b) , b) = −K , (A13)

−(1 − c)K ≤ Jb
(
K , XB (K , b) , b′) . (A14)

The last of these conditions is the first-order condition, with respect to after-adjustment leverage,
b′, under the debt constraint. Hence, it holds as an equality if the new book leverage satisfies
b′ < η or J

(
K , X, b′) > 0, depending on the constraint imposed by the lender. The market value

of equity, J (X, K , b), should be homogeneous of degree one inK andX because the cash flows
and the adjustment costs on debt and investment are homogeneous inK andX.24

Equation (A10) says that, at the time of debt adjustment, the net shareholder value before and
after adjustment should be the same. If the shareholder value before adjustment is greater, adjusting
debt will harm the shareholders. If the shareholder value before adjustment is lower, continuity of
equity value in its arguments will imply that shareholders could gain from adjustment prior to the
specified adjustment time, and hence the suggested adjustment time cannot be optimal.

Equations (A11) to (A13) state that, at the time of adjustment, the shareholder value should be
differentiable, with respect to the state variables. Intuitively, we can think of these smooth-pasting
conditions as envelope conditions. To see this more clearly, note thatb′ is chosen such that the
right side of Equation (A10), i.e., the net shareholder value after adjustment, is maximized, and

23 There are potentially two adjustment boundaries for upward or downward adjustment. However, since the cost
of adjustment is the same in both cases, the boundary conditions are the same.

24 This argument is similar to the one inAbel and Eberly(1996) andCooper(2006). To justify this homogeneity
property and hence thatX/K is a sufficient statistic to describe the solution of the model, the reader can
directly substitute inV (y, b) ≡ V (X/K , b) = J (X, K , b) /K and see that both the HJB equation and the
boundary conditions can be expressed in terms ofV (y, b) and its derivatives.
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this maximized shareholder value should be equal to the before-adjustment shareholder value, i.e.,

J(K , X, b) = max
b′

J(K , X, b′) + (b′ − b)K − cb′K (A15)

subject tob′ ≤ η.

Using the envelope theorem, we can take the derivatives of both sides, with respect toK , X,
andb, and replaceX = XB (K , b) to get Equations (A11) to (A13). Therefore, in accordance
with the envelope theorem, Equations (A11) to (A13) yield the amount the shareholders should
be compensated ex ante if capital K, productivity X, and before-adjustment book leverage,
respectively, increase by a small amount. Equation (A14) is simply the first-order condition of this
last maximization problem and states that the marginal gain from adjustment should be equal to or
greater than the marginal loss from adjustment because of the constraintb′ ≤ η. Debt adjustment
occurs if these optimality conditions are satisfied.

C. Market Value and Stock Returns with Irreversibility and
Financial Leverage

This section provides an outline of the derivation. Further details and complete derivation are pro-
vided in the online appendix. We can simplify our problem by definingq̃ (y, b) ≡ q (y, b)+ m̄/r .
Therefore, Equations (9), (11), and (10) can be rewritten as

r q̃ (y, b) = h̄yγ + μyq̃y (y, b) +
1

2
σ2y2q̃yy (y, b) , (A16)

q̃ (yU (b) , b) = 1 − b + m̄ (b) /r ≡ u (b) andq̃y (yU (b) , b) = 0, (A17)

q̃ (yL (b) , b) = η − b + m̄ (b) /r ≡ l (b) andq̃y (yL (b) , b) = 0. (A18)

This makes the solution of the differential equation similar to the one inAbel and Eberly(1996),
which is a special case of my model that excludes leverage and the risk preferences of investors.
Following their analysis, the solution of this differential equation should be of the form

q̃ (y, b) = Hyγ + CP (b) yαP + CN (b) yαN , (A19)

whereαP andαN are the roots of the quadratic equation

−
1

2
σ2x2 −

(
μ −

1

2
σ2
)

x + r = 0 (A20)

and satisfyαP > 1 > γ > 0 > αN , given that we requirer > μ for the convergence of solution
to the firm’s problem.

Using this solution, the value function can be found by simply integratingq (X/K ) over K
to get25

J (K , X, b) = H̄ Xγ K 1−γ + D̄P (b) XαP K 1−αP

+ D̄N (b) XαN K 1−αN −
m̄ (b)

r
K

= J AP + JG + J D −
m̄ (b)

r
K , (A21)

25 Direct integration ofq (y) would yield a constant of integration that should have the form ofDX (b) X because of
the homogeneity property of the value function. However, direct substitution ofJ (X, K ) into the HJB equation
shows immediately thatDX (b) should be zero.
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whereJ AP is the value of assets-in-place, before costs,JG is the value of growth options,J D is
the value of the disinvestment option, andm̄ (b) /r K is the present value of maintenance and
financing costs. Note that the derivation of the market value of equity does not make use of
the boundary conditions for debt restructuring. The book leverage,b, is constant in the inaction
region because of debt adjustment costs. Therefore, any effect of debt adjustment on market value
of equity should be captured by constants of integrationD̄P (b) and D̄N (b), and hence we do
not have a separate term for debt adjustment option. The analysis here shows that the boundary
conditions for investment are enough to pin down these constants of integration. Further details
regarding the the functionJ are provided in the online appendix.

Now we focus on stock returns. Apply Ito’s Lemma to equity value in the inaction region,
J (K , X),

d J =
(

μX X JX +
1

2
σ2X2JX X

)
dt + σ X JXdw. (A22)

Use the relationμ = μX − σSσA and the HJB equationr J = π + μX JX + 1
2σ2X2JX X to get

1

dt
E

(
dJ

J

)
= −

π

J
+ r + σS

JX X

J
. (A23)

Plugging this expression into the return formula gives the excess returns

1

dt
E (d R) − r =

1

dt
E

(
πdt + dJ

J

)
− r = σSσA

JX X

J
. (A24)

To show that the returns are increasing iny, first note that we can write the excess returns as

1

dt
E (d R) − r =

(

γ
J AP

J + m̄/r K
+ αP

JG (K , X)

J + m̄/r K
+ αN

JD (K , X)

J + m̄/r K

)

×
(

1 +
m̄/r K

J

)
σSσA

= (γ sAP + αPsG + αNsD)

(
1 +

m̄/r K

J

)
σSσA, (A25)

where the first term decomposes the total business risk into assets-in-place, the growth option, and
the disinvestment option, while the second term captures the Modigliani-Miller effect.

D. Proof of Proposition 2

Online appendix C shows that the gap between the investment and disinvestment boundaries,
G (b) ≡ yU (b) /yL (b), is implicitely defined by the equation

u (b)

l (b)
=

G (b)γ φ (1/G (b))

φ (G (b))
. (A26)

Here,u (b) / l (b) captures the degree of irreversibility perceived by the shareholders. It is easy
to show that the left side of this equation is increasing inb, and hence the right side of the
equation should be increasing inb. Abel and Eberly(1996) show in a lengthy and tedious proof

that Gγ φ(1/G)
φ(G) is increasing inG. SupposeG′ (b) ≤ 0. Then, the left side would be weakly

decreasing inb, causing a contradiction.
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E. Proof of Proposition 3

Debt is strictly preferable to equity financing if the marginal value of debt net of the cost of
financing is positive, i.e., ifJ (K , X, b) + bK − cbK is increasing inb or Jb (K , X, b) +
(1 − c) K ≥ 0. The online appendix shows that the marginal value of debt is given by

Jb + (1 − c) K = τ

[
1 −

1 − GαN

GαP − GαN

1

1 − αP

(
y

yL

)αP

−
GαP − 1

GαP − GαN

1

1 − αN

(
y

yL

)αN
]

K − cK. (A27)

SinceG > 1 andαP > 1 > 0 > αN , the term in square brackets is increasing iny. Therefore,
debt is the preferred form of financing at every state ifJb + (1 − c) K > 0 aty = yL . Substituting
y = yL above reduces our condition to

c < c∗ (b) = τ

[
1 −

1 − GαN

GαP − GαN

1

1 − αP
−

GαP − 1

GαP − GαN

1

1 − αN

]
. (A28)

Since G > 1 andαP > 1 > 0 > αN , the second term on the right side is negative and
the third term is less than 1. Moreover, the right side of this equation is decreasing inG, and
we already know from the proof of the previous proposition thatG′ (b) > 0. Therefore,
c∗ (b) > 0 andc∗′ (b) < 0. The minimum forc∗ (b) is then attained whenG → ∞, i.e.,
c∗ = τ (1 − 1/ (1 − αN )). So, if c < τ (1 − 1/ (1 − αN )), then debt is always preferable,
regardless of state and degree of irreversibility.

F. Proof of Proposition 4

From Equation (A27), we have

Jb + K = τ

[
1 −

1 − GαN

GαP − GαN

1

1 − αP

(
y

yL

)αP

−
GαP − 1

GαP − GαN

1

1 − αN

(
y

yL

)αN
]

K , (A29)

which attains its minimum value fory = yL . So, it is enough to show that this value is positive
once we substitutey = yL , i.e.,

τ

[
1 −

1 − GαN

GαP − GαN

1

1 − αP
−

GαP − 1

GαP − GαN

1

1 − αN

]
> 0. (A30)

Again, sinceG > 1 andαP > 1 > 0 > αN , the second term on the right side is negative
and the third term is less than 1. Therefore, the term in square brackets should be positive. Since
Jb + K > 0, one of the smooth-pasting conditions at debt adjustment is not satisfied, and hence it
is not optimal to readjust debt.

G. Proof of Proposition 5

Using Equation (12), we can write the no-bankruptcy conditionJ (K , X, b) ≥ 0 as
J (K , X, b) /K = J (1, y, b) ≥ 0, i.e.,

J (1, y, b) = Hyγ + D̄P (b) yαP + D̄N (b) yαN −
m̄

r
≥ 0. (A31)
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Moreover,J (1, y, b) should be increasing iny because, given capital and leverage, more produc-
tive firms should have higher market value, i.e.,JX (K , X, b) > 0. Therefore,J (K , X, b) ≥ 0
for all (X, K , b) if, and only if, J (1, yL (b) , b) ≥ 0. As a result, the debt limit is given by the
equationJ (1, yL (b) , b) = 0, whose solution is independent of state variables.

H. Market Value and Stock Returns with Only Investment Irreversibility

The market value of equity under this setting is the same, except that we should setb = δ = 0.
Using previous results, the online appendix shows that the value function has the form of

J (K , X) = H Xγ K 1−γ + DP (b) XαP K 1−αP

+DN (b) XαN K 1−αN = J AP + JG + JD . (A32)

To show that the returns are increasing iny, first note that we can write the excess returns as

1

dt
E (d R) − r =

(

γ
J AP (K , X)

J (K , X)
+ αP

JG (K , X)

J (K , X)
+ αN

JD (K , X)

J (K , X)

)

σSσA

=

(

γ + (αP − γ )
JG (1, y)

J (1, y)
+ (αN − γ )

JD (1, y)

J (1, y)

)

σSσA, (A33)

where the second equality follows from the homogeneity ofJ. Now, it is easy to show that
JG (1, y) /J (1, y) is increasing iny and JD (1, y) /J (1, y) is decreasing iny by taking the
derivatives. SinceαP − γ > 0 andαN − γ < 0, this last expression should be increasing in
y. Book-to-market value is equal toJ(K , X)/K = J(1, y) with y = X/K . Moreover,J(K , X)

is increasing inX since a firm with higher productivity should have higher market value, given
capital. HenceJy(1, y) = JX(K , X) > 0 and book-to-market is decreasing iny. As a result,
returns should be decreasing in book-to-market.

I. Proof of Proposition 6

In the case of perfect irreversibility, the firm does not have a disinvestment option. Therefore,
the market value of equity consists only of the value of growth options and assets-in-place, i.e.,
J (K , X) = J AP (K , X) + JG (K , X). If we let r AP ≡ |cov (d X, dS/S)| J AP

X /J AP be the

return on assets-in-place andrG ≡ |cov (d X, dS/S)| JG
X /JG be the return on the growth option,

we can write the expected returns to equityr E = |cov (d X, dS/S)| JX/J as

r E =
J AP (K , X)

J (K , X)
r AP +

JG (K , X)

J (K , X)
rG. (A34)

Moreover, given capital, firms with higher productivity have lower book-to-market values, and
hence are growth firms, for which the growth options constitute a greater share of market value.
Therefore, we should have

∂ JG (K , X) /J (K , X)

∂ X
> 0. (A35)

With a little algebra, we can show that

∂ JG (K , X) /J (K , X)

∂ X
=

JG (K , X) /J (K , X)
∣
∣
∣cov

(
d X, dS

S

)∣∣
∣

(rG − r E) , (A36)

which together with Equations (A34) and (A35) implies thatrG > r E > r AP. Therefore, growth
options are riskier than are assets-in-place.
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J. The Long-run Distribution of Book-to-market Values

For the purpose of calculating the long-run distribution, I assume that a firm leaves the sample
if y = y∗ ≥ yL . This assumption serves two purposes: first, firms with very low market values
will leave the sample in accordance with the Security Exchange Commission rule that requires
that companies whose share price falls below a certain value or for performance-related reasons
be delisted. Second, because this assumption caps book-to-market values, it will improve the fit of
the average book-to-market values and stock returns at the highest decile.

In order to have a stationary distribution, I also assume that each firm that leaves the stock
market is replaced by another firm that enters the market after paying a fixed cost that is linearly
proportional to its capital. This later assumption guarantees that the entry point for all firms is the
same and is characterized byy = ȳ, as a result of the homogeneity of the maximization problem
in X andK .26

Using the model parameters, we can calculate the cross-section of returns in the long run
by looking at the stationary distribution ofy between two barriers,y∗ and yU . The exit–entry
mechanism previously discussed implies that the long-run cross-sectional distribution ofy will be
the same as the long-run distribution of a process with a resetting barrier aty∗, where the target is
ȳ after resetting. Note that the case without exit is a special case of this mechanism, whereȳ = yU
and y∗ = yL , and the no-entry-cost is a special case withȳ = y∗ = yL . The online appendix
provides the details regarding the derivation of this stationary distribution, followingBertola and
Caballero(1990).
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